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Abstract——This study presents a boundary-fitted grid (BFG) numerical model with an aim to simulate the tidal cur-
rents and diffusion of pollutants in complicated nearshore areas. To suit the general model to any curvilinear grids, gen-
eralized 2-D shallow sea dynamic equations and the advection diffusion equation are derived in curvilinear coordinates,
and the contravariant components of the velocity vector are adopted for easily realizing boundary conditions and making
the equations conservational. As the generalized equations are not limited by a specific coordinate transformation, a
self-adaptive grid generation method is then proposed conveniently to generate a boundary-fitted and varying spacing
grid. The calculation in the Yangpu Bay and the Xinying Bay shows that this is an effective model for calculating tidal

currents and diffusion of pollutants in the more complicated nearshore areas.
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INTRODUCTION

The numerical models with uniform rectangular grids are generally used to calculate tidal mo-
tions and diffusion of pollutants, and these models show a fairly accuracy in the calculations in
shallow areas with smooth coastlines and topographies. This kind of models, however, are unsat-
isfactory when they are used in more complex nearshore areas because it is difficult to design the
uniform grids to fit the complex boundaries and topographies. A typical case of such areas is a
small bay connected by a narrow channel, and the width of the channel is even smaller thaﬁ the
generally used grid spacing. Though fine grid can be used in this case, the computation quantity
may greatly increase because of the increase in the grid number and the decrease in the time step.
So it is of importance to generate a curvilinear grid mesh which is fine in nearshore areas and’
coarse in offshore areas. In recent years, the finite element method (FEM) (Lynch and Gray, .
1980), boundary element method (BEM) (Medina et a/., 1991) and boundary fitted grid
(BFG) method (Dortch et al., 1992) are used in the numerical calculation involving shallow sea
dynamics. And among these, the BFG method is more widely used for its superiority of using the
mature finite difference scheme. Two examples of this kind of BFG models are self-adaptive grid
model (SAM) and wet-dry grid point model in curvilinear grids (WDM), -which are proposed by
Shi and Sun (1995, 1996) recently in the calculation of storm surge flooding. In the SAM mod-
el, a generalized coordinate transformation with a time term is adopted to generate a moving coor-
dinate fitted to moving boundaries all the time. And the WDM model employs a coordinate trans-
formation, which is independent of time, to generate a fixed grid mesh fitting to dykes and to-
pographies, and wet-dry grid point criterion is thus employed for controlling the motions of
boundaries. The WDM model is considered a simple and economic model for dealing with more
complex nearshore areas.

In the present -paper, the same coordinate transformation as that in the WDM model is
adopted to derive a set of governing equations of tidal motions and the advection diffusion equa'tion
of pollutants in generalized curvilinear coordinates. In the equations, the contravariant compo-
nents of the velocity vector are employed for easily realizing boundary conditions and- making the

transformed equations conservational, which is convenient for finite differential discretizations.
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The self-adaptive grid generation method (Brackbill and Saltzman, 1982) is also employed in the
present paper to generate a boundary-fitted and varying spacing grid mesh which is suitable for
more complicated nearshore areas. The present BFG model is finally used in the calculation in the
Yangpu Bay -and the Xinying Bay, between which there is a narrow channel, and the verification
calculation shows that the densified grid in the complex area, especially in the narrow channel,

makes the calculation more accurate.

EQUATIONS ON THE CURVILINEAR COORDINATES

In rectangular Cartesian coordinates, the 2-D governing equations of tidal motions can be de-

scribed as
oH , oHu , oHv _
—a¢+_a +_8y 0, (1)
ou Ou Q‘._ - _ Q{_k_u 2 2y1/2
a:*“ax‘“”ay fo= g3, H(u + p2)Ve, (2)
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where # and v are the depth-averaged components of velocity; f denotes the Coriolis parameter;
the pressure is taken as hydrostatic and‘the effects of astronomical tide-generating forces and baro-
metric forcings are omitted; { denotes the surface elevation; H = A + §, k is the depth from the
undisturbed sea level to the sea-floor; the bottom stress is parameterized in terms of a quadratic
law; and p denotes the water density.

The advection diffusion equation of the depth-averaged concentration of pollutants P can be
described as

8HP , HuP , 3HuP _

oP, _
ot ox oy

Ay
where K, and K, denote horizontal diffusivity, and ( K,, K, )=5.93 Hg'*/C(u, v), Cis the

oP
5 - HS, @)

9 2]
3z (HK, 3y (HK,
Chezy coeffecient; S is the production term which is the mass of pollutants released in a unit vol-
ume per second.

Lateral boundary conditions, i.e., the normal velocity on the boundary is zero and the nor-
mal diffusion of pollutants is zero if there is no pollutant source on the boundary, can be described

as follows:
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v, = 0, (5)
oP _
on 0. (6)

On open boundaries, tidal elevations are generally given as the open boundary condition of

tidal motions. And the concentration P is written as follows:

P=0 (inflow), (7
%’ v, %’ =0 (outflow). (8)

A general coordinate transformation is introduced then:

¢ =8(z,y), 7= 9(x, ). 9
It should be noted that the transformation is independent of time, which is different from the
transformation chosen in the SAM method. So the transformed coordinate is fixed in the calculat-
ed region. The chosen boundaries I'y, I';, ' and Iy in the physical plane thus becomé IT,, IT,, I
and II, respectively in the image plane as shown in Fig. 1.

r!

a,

r,
I, . ,

Fig. 1. Physical plane (a) and transformed image plane (b).

To realize the boundary conditions conveniently in the image plane, the general components

of the velocity, i.e., contravariant components of the velocity vector, are introduced as follows:

_d¢_ of o
U_ dt = uax+vay’ (10)

_dp_ 99, 97
V‘dt‘“az+"’ay’ (11)

’

- -y
&= 5y=TI”’ =T T =
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where ] is the Jacobian value of the coordinate transformation, i.e., J = Teyy ~ Tyes Eqgs (10)
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and (11) then become the new representations in the image plane:

U = 5 (uyy ~ uzy), (12)

V= _}_(_ uye + ure). (13)

Equations (12) and (13) may show apparently physical meaning of the components U and V if

they are taken as representations of vector forms. So, a set of unit vectors is defined as

X, = Yol — 2] X, = = yel + x¢ef
~a - Ny

where ¢ = 127 + yzv’ ¥ = x% + y% .Itis clear that X, and X are the unit normal vectors on the
coordinate curve line & = const and 7 = const respectively. Equations (12) and (13) may be rep-

resented then as follows:

cx. = Ul : 14
V X] '\/;’ ( )
-vi
V-X, = , 15
2 \/; (19

where V= ui + yj. Equations (14) and (15) show that UJ/~/a is the normal projection of V
on the curve line £ = const and V] /~/y the normal projection of V on the curve line n =const. So
U and V can definéd as the general velocities along normal directions of the curvilinear coordi-
nates. :

To a physical variable F , its partial difference with respect to the coordinates in the physical

plane (x, ¥) can be transformed into the following representations in the image plane (&, 7):

oF _oF +8F 1 d9F _OF

oz - asf =7 a—éy7 aqye (16)
oF _ oF, aF _ L _9F

By using Eqs (12), (13), (16) and (17),Eqs (1), (2) and (3) may be transformed into the

following forms in the image plane:

J2C L BHUL oHVI _, .
oé o7
ou auU ouV B 3t g, R
YRR o¢ 9y ﬁ gH(y, FY IR 377) k —H % (19)
(=17 avU TV _ 3t _g W+ vi
5 " g T oy T/ EH 1yt me ) — ko, (20)
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where
= Hlu, v = Hlv. (21)
Equation (4) may be transformed into the final equation in the image plane by means of Eqgs

(12),(13),(16),(17) and (18):

3JHP , 3]JHUP , 3JHVP _ 9C, 9C, oC, oC,
TRREY: oy~ o8¥1 T BeTr T ap¥ T gyt HIS  (2D)
where
co=BHpy, - pyo. = TP, - P, (23)

The lateral boundary condition of tidal motions thus can be described as a simple representa-

tion in the image plane by means of Eqs (14) and (15):
U =0 at [T, and IT,, (24)
v=20 at IT3 and IT,. (25)

The lateral boundary condition of the concentration P thus becomes

- fp =0 at I, and II, (26)
P-2p=0  amandm, (27)

where 8 = zgr, + ygy,. For the rectangular grids on the boundary, 8 =0, Eqs (26) and (27)
thus can be described in the simple forms;
P.=0 at IT, and IT,, (28)
P, = 0 at JI; and I1,. (29)

The open boundary condition of concentration P can be represented as

P=0 (inflow), (30)
and
aP B P
U 85 -U « 37 =0 (outflow, at II; and IT,), 31
oP oP ., B oP
2y + V ’7 |4 y o8 =0 (outflow, at IT; and I,). (32)

To the rectangular grids on the boundary, Eqs (31) and (32} become

oP
ot

oP _

of = (outflow, at IT; and II,), (33)

+ U=z
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%—}; + Vg_l,; =0 (outflow, at [Ty and [1,). (34)

Equations (18), (19), (20) and (22) arc generalized equations applicable to any kind of
curvilinear coordinates because they are independent of any specific transformation. The computa-
tional grid may be generated by any method such as the algebraic transformation, the differential

transformation and even the artificial ones.

NUMERICAL GRID GENERATION

In terms of the calculations in more complex nearshore areas, it is necessary to generate
boundary-fitted and varying spacing grids for improving calculating accuracy and numerical stabili-
ty. Smoothness and orthogonality of grids are also important for the computational accuracy. In
addition, the orthogonal grid on boundaries is convenient for realizing the orthogonal boundary
conditions as described in Egs (28), (29), (33) and (34). Even if the grid on boundaries is not
exactly orthogonal, the more orthogonal grid will benefit explicit discretizations of Eqs (26),
(27),(31) and (32).

Brackbill and Saltzman (1982) proposed a unmerical generation method optimizing simulta-
neously grids variation in cell volumes, grid smoothness and orthogonality. The main idea is that
minimizing the functions by which the three properties are measured results in a set of Euler equa-
tions which are satisfied by the coordinate values of grid points as the image of a mapping (&, 17)

or y(&, 7). The Euler equations are

) oW
bixg + baxey + baxy + aryg * arvey t asyy = - A, J? P (35)

a1xg + arxg + Azt t C1ye t C2yy t Cayy =~ AJ? oW (36)
& 7 7 m dy

where a;, b;and ¢;(i =1,2,3) are the differentiation of (r, ) with respect to (&, n) [ see Brack-
bill and Saltzman (1982) for details]; A, is weighted coefficients optimizing grids variation in cell
volumes; W is a given function by which the density of computation grids can be adjusted. To

generate a grid, finite difference approximations to the Euler equations are solved by-iteration.

FINITE DIFFERENCE PROCEDURE

A staggered grid scheme in the &7 plane is employed as shown”in Fig. 2. X denotes a {-



290 Shi Fengyan and Zheng Lianyuan

point at which ¢ and P are computed, O denotes a u-point at which 4 , U and u are computed

and (7 denotes a - point at which o, V and v are computed. The separate labeling for {, « and
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Fig. 2. Grid point arrangement.

v in this scheme is convenient for realizing boundary conditiot.'ls. The new coordinates ( &, 7 ) are
taken as integer grid positions, & = 1,2, m, g = 1,2:**, n, where m and n are chosen to be
even so that there are only «- points at 1}, IT,, where U =0 is satisfied, and only v- points at IT,,
II;, where V =0.

The discretizations of Eqs (18) ~ (20) are in the forms of semi-implicit scheme as described
in the SAM model (Shi and Sun, 1995). Equation (22) is solved by the splitting operator
method. The first step is the advection procedure in which the upwind scheme is adopted, and the
second is the diffusion procedure with the center-difference scheme. It has been proved that the
discretizations of this kind of conservational equations have good accuracy and numerical stability
(Shi and Sun, 1995)

Many nearshore areas contain tidal flats. These areas are dry during low water and flooded
when the tide rises. Tn-the numerical model the process of drying and flooding is represented by
removing grid points from the flow domain when the tide falls and by adding grid points when the
tide rises. This method is more similar to WDM method used in the computation of storm surge
flooding (Shi ez al., 1996). In the present model, Eq. (18) is used in the updating procedure at
all ¢ points even at dry points because at these dry points, U =0 and V =0 result in4,{ =0, i.
e., there is no variation of the water surface elevation in dry cells. Equations (19) and (20) are
used for updating 4 and ¥ respectively at wet points, and -then values of ¢ and v are deduced from

Eq. (21). The wet or dry grid points must be judged by the prescribed criterion as described in
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the WDM model (Shi et al., 1996).

AN APPLICATION IN THE YANGPU BAY AND THE XINYING BAY

The Yangpu Bay and the Xinying Bay, which are located between latitudes 19°30° and
20°00° N and longitudes 109°00° and 109°20° E, are connected by a narrow channel as shown in
Fig. 3. The coastlines and the topographies are more complex, and the narrow channel is only
600 m wide. The Xinying Bay contains shallow areas with wide tidal flats, and two river mouths,
i.e., the Beimen River mouth and the Chunjiang River mouth. Because a lot of waste water is
discharged info the rivers and the rivers are lack of self-purification capability, the river mouths

then become the inlets of the sources of industry pollutants. Among the pollutants released from

109°2' 109°10/ 10_9'18’!':

G),Gyrand G, Current observation point
19°54'F Obsezved COD concentration(mg/dm*) s
N Ci:10.85 C1:0.90

Cy:0.85 C;10.95
C10.85 Ci:l. 15
C7:0.95 Cy:1.45
Ci:1.90 Cy0:2.10
Cu:2.10

19°46't

19°38'}

Fig. 3. Analysed area and position of observations.

the river mouths, COD concentration accounts for a large proportion. According to the investiga-
tions, the Beimen River mouth releases COD at a mean rate of 30.82 g/s and the Chunjiang River
mouth at a rate of 90.03 g/s. Figure 3 shows the investigated COD concentration values at the
observation stations (C; — Cy;) in the two bays.

In this paper, the tidal currents of three main tidal constituents Oy, K,and M, are simulated
by using the BFG model. And then the current results are used to calculate the distribution of

COD concentration in the area. The results are finally compared with the observed data.
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Figure 4 shows the grid mesh generated by means of the self-adaptive grid generation
method. In the generating process, the parameter W must be adjusted several times in order to
get a varying spacing grid with grid smoothness and orthogonality. The values of W in the narrow
channel is larger than other areas so that the grid in the part is the finest. In the present grid
mesh, the smallest grid spacing is 55 m at the narrow channel and the largest grid spacing is 1195

m at the open boundary.

109°2' 109°10' 109°18'E

19°54’

19°46"

19°38’

Fig. 4. Generated grid mesh.

In the calculation of tidal currents, the tidal levels on the open boundaries are provided by the
results from the large region model with large grid spacings. In order to test the calculation accu-
racy, the comparison between the calculated results and the observed data should be made. Fig-
ures 5 a, b and ¢ show calculated and observed tidal level curves of O,, K; and M, respectively at
the tidal observatory at Yéngpugang. And the tidal current testament of the three main tidal con-
stituents are also made, and the comparison between calculated and observed results of (3, at the
observation points {( G, G,, G3 ) are shown in Fig. 6. Figures 7 a and b show the current distri-
butions of (J; at the middle time of flood and ebb respectively. The current distril_ﬂtions of K, are

similar to that of O, and the current of M, is smaller than that of O; and K, , which are not
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Fig. 5. Calculated and observed tidal levels at Yangpugang. a. Oy ,b. K;and c. M,.

10cm/=

2
1

1110

Fig. 6. Comparisons between calculated tidal currents and observations of O, .

shown in the paper. Figure 7 also shows that the maximum current velocity appears in the narrow
channel.
In the calculation of the COD concentration, m; tidal current together with the M, current

are adopted as the advection velocity. Figure 8 shows the calculated distribution of the COD con-
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1092 109°10 109°18'E
T T T
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1092 ) 109°10’ 109°18'E
T
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19°54’ r. E

100, z(cm)
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19°46’ F

19°38° r

Fig. 7. Current distributions of (3, at the middle time of flood tide (a) and at the middle time of ebb tide (b).

~
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centration. As compared with the observed data as shown in Fig. 3, the result seems fairly good.

19°54’ 109°1¢/ 109°18’'E
N .

19°46'

19°38°

Fig. 8. Distribution of Q0D concentration.

CONCLUSION

Generalized dynamic governing equations of tidal motions and the advection diffusion equa-
tion of pollutants in curvilinear coordinates are derived in this study, and consequently the varying
spacing and boundary-fitted grid mesh, which is fine in the coastal region especially in a narrow
channel and coarse in the offshore region, can be conveniently adopted. In the equations, the con-
travariant components of the velocity vector, which are taken as the generalized velocities in the
image plane, are introduced. Such introduction not only easily reqlizes the boundary condition in
curvilinear coordinates, but also makes the transformed equations conservational, which is more
useful for the finite difference computation. Finally the self-adaptive grid method is employed to
generate varying spacing curvilinear grids in the Yangpu Bay and the Xinying Bay, and the verifi-
cation calculations of the tidal currents and COD concentration in the area have proved this model

“to be an effective one for the calculation in more complex nearshore areas.
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